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Abstract 
Traditional inverse dynamics approaches to calculating the inter-segmental moments are 
limited in their ability to accurately reflect the function of the biarticular muscles.  In 
particular they are based upon the assumption that the net inter-segmental moment is zero and 
that total joint moments are independent of muscular activity.  Traditional approaches to 
calculating muscular forces from the inter-segmental moments are based upon a 
consideration of joint moments which do not encapsulate the potential moment asymmetry 
between segments.  In addition, traditional approaches may artificially constrain the activity 
of the biarticular muscles.  In this study, an optimization approach to the simultaneous 
inverse determination of inter-segmental moments and muscle forces (the 1 step method) 
based upon a consideration of segmental rotations was employed to study vertical jumping 
and contrasted with the more traditional 2 step approach of determining inter-segmental 
moments from an inverse dynamics analysis then muscle forces using optimization 
techniques.  The 1 step method resulted in significantly greater activation of both the 
monoarticular and biarticular musculature which was then translated into significantly greater 
joint contact forces, muscle powers and inter-segmental moments.  The results of this study 
suggest that traditional conceptions of inter-segmental moments do not completely 
encapsulate the function of the biarticular muscles and that joint function can be better 
understood by recognising the asymmetry in inter-segmental moments. 
Keywords: musculoskeletal modelling, muscle force, joint contact force, muscle power, inter-
segmental moments 
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Introduction 
A combination of inverse dynamics methodology and static optimization techniques have 
been widely employed to estimate the muscular forces that produce human movement.  This 
approach can be characterized as a 2 step method.  In the first step the human body is 
modelled as a series of linked rigid segments.  Inverse dynamics are used to calculate the 
inter-segmental moments observed during a given movement by consideration of segmental 
factors alone.  Subsequently, in the second step, the geometry of the musculoskeletal system 
is added and optimization techniques are employed to estimate the muscular forces produced 
during the movement, based on a description of the moment arms and lines of actions of the 
muscles, and the assumption that the muscles are the sole producers of the inter-segmental 
joint moments.  The optimization problem therefore consists of determining the muscular 
forces that produce the moments that have been previously calculated during the inverse 
dynamics analysis. 
The inverse dynamics method is based upon using the Newton-Euler equations of motion.  
Given the forces and moments on the most distal end of a linked chain of rigid body 
segments and an assessment of the 3D kinematics of the most distal segment, the Newton-
Euler equations of motion can be applied to the segment to calculate the force and moment at 
the proximal end of the segment.  This then provides the force and moment on the distal end 
of the adjacent (proximal) segment, and if the 3D kinematics of this segment are known then 
the force and moment at the proximal end of this segment can be calculated by the same 
methodology.  In this way, the inter-segmental forces and moments can be calculated 
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iteratively by moving from distal to proximal along a kinetic chain of linked rigid body 
segments. 
A characteristic of the traditional approach to inverse dynamics is a result of the iterative 
nature of the method.  The moment at the proximal joint of a body segment is uniquely 
determined by the moment at the distal joint, in combination with a consideration of the inter-
segmental forces impressed on the segment and its angular motion.  This approach is 
appropriate for the movement of a series of linked body segments which are actuated by 
monoarticular muscle function however, a sequential approach to calculating the inter-
segmental moments does not fully reflect the potential role of the biarticular muscles.  In 
particular, the iterative approach assumes that the moment expressed at the proximal end of a 
segment is opposed by an equal moment at the distal end of the adjacent segment by 
muscular activity.  Clearly, the existence of the biarticular muscles permits only a proportion 
of the moment at the proximal end of a segment to be opposed by muscle activity at the 
adjacent segment, whereas the moment created by the biarticular muscles will be opposed at 
non-adjacent segments.  This means that the inter-segmental moment can be asymmetric, that 
is different moments can act at the two ends of adjacent segments creating a net inter-
segmental moment that is non-zero.  In order to better understand the nature of joint moments 
it is helpful to define a number of different inter-segmental or joint moments.  Four different 
moments could be considered to act at a joint.  Firstly, the notional joint moment (
JMˆ ) which 
is defined to be rotation moment impressed by all structures that cross the joint.  Secondly, 
the proximal ( PMˆ ) and distal ( DMˆ ) joint moments which represent the rotations created by 
all structures that cross the joint and insert onto the proximal or distal segment respectively.  
Finally, the inter-segmental moment (
SMˆ ) can be defined to be the moment created by only 
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the structures that cross the joint and insert upon both the proximal and distal segment of the 
joint (that is the monoarticular muscles). 
Figure 1 illustrates a joint that is spanned by both monoarticular and biarticular muscles.  mFˆ  
and mrˆ  represent the force and moment arms of the monoarticular muscles, 
bF1
ˆ  and br1ˆ  the 
force and moment arms of the biarticular muscles that insert onto the distal segment and bF2
ˆ  
and br2ˆ  the force and moment arms of the biarticular muscles that insert onto the proximal 
segment.  It is readily apparent that: 
bbbbmm
J FrFrFrM 2211
ˆˆˆˆˆˆˆ   (1) 
bbmm
D FrFrM 11
ˆˆˆˆˆ   (2) 
bbmm
P FrFrM 22
ˆˆˆˆˆ   (3) 
mm
S FrM
ˆˆˆ   (4) 
Combining Equations 1 to 4 gives: 
SDPJ MMMM
ˆˆˆˆ   (5) 
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As the traditional iterative approach to the inverse dynamics problem of calculating joint 
moments precludes biarticular muscle function, Equations 1 and 4 are equivalent for the 
traditional approach.  This also leads to the conception that joint moments are independent of 
muscle forces.  However, as can be seen from Figure 1, the inclusion of biarticular muscle 
function allows non-adjacent segments to be involved in the maintenance of moment 
equilibrium at a joint.  Thus, a more detailed free body diagram implies that joint moments 
are dependent on muscular activity and that the inclusion of biarticular muscles results in an 
indeterminate problem, as the muscular activity of mono and biarticular muscles will 
determine the proportion of the moment that is opposed by adjacent and non-adjacent 
segments.  To accommodate the function of the biarticular muscles it is therefore necessary to 
solve the equations of motion of a given linked chain of rigid body segments simultaneously.  
However, formulating an inverse dynamics problem that includes biarticular muscle function 
in this way significantly increases the complexity of the problem, mainly due to the 
introduction of this additional indeterminacy.  These complexities have led the vast majority 
of researchers to employ the sequential inverse dynamics method in order to calculate inter-
segmental joint moments. 
Generally during the inverse dynamics process, the inter-segmental moments are calculated 
in the body fixed local coordinate system of the segment
9,33,37
.  The inverse dynamics process 
therefore entails a series of coordinate transformations between the global coordinate system 
(GCS) and the local coordinate system (LCS) of each segment.  Alternatively, Dumas and 
colleagues
8
 have presented an inverse dynamics method based on the use of unit quaternions 
and wrench notation that allows all the calculations to be performed in the GCS.  This 
approach is clearly advantageous in reducing the computational complexity of the process.  
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Both approaches to the inverse dynamics problem are rooted in classical mechanics and 
therefore theoretically equivalent and they can thus be used interchangeably
4
.   
The reduced complexity of the inverse dynamics solution of Dumas and colleagues
8
 presents 
new opportunities for the analysis of human movement.  In particular, it is possible to write 
equations of motion in the GCS that comprise a description of both the segmental motion and 
the musculoskeletal geometry.  Although this system of equations will be indeterminate due 
to both the large number of force actuators and the presence of biarticular muscles (as seen 
before), the simultaneous solution of these equations by optimization techniques would 
permit an inverse dynamics solution that more fairly represents the role of the biarticular 
muscles.  Additionally, the solution of the equations of motion allows the muscular forces to 
be found independently of the joint moments, and the precise involvement of the biarticular 
muscles in redistributing joint moments to be determined by the same optimization cost 
function used to determine the muscle forces producing the observed moments. 
Traditional optimization solutions rely upon a consideration of the action of muscles on joints 
and the assumption that muscular joint moments create the calculated inter-segmental 
moments.  These inter-segmental moments are then decomposed into individual muscle 
forces, based upon the muscle elements that cross the joint.  This approach does not 
recognize the fact that the biarticular muscles are not physically connected to all the segments 
that they cross.  Equally, the approach assumes that the net inter-segmental moment is zero, 
whereas it has already been seen that the presence of the biarticular muscles results in the 
possibility of the net inter-segmental moment being non-zero.  Instead, it may be more 
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appropriate to formulate the equations of motion utilized in the optimization process in terms 
of the rotation of segments thereby permitting asymmetry in the inter-segmental moments.  
The biarticular muscles have received considerable attention within the biomechanics 
literature.  Despite this their function during movement is not well understood.  A number of 
researchers have sought to understand the function of the biarticular muscles by employing 
the combination of inverse dynamics and optimization techniques
10,24,32
.  The majority of this 
work is based upon finding the inverse dynamics solution using traditional techniques and 
then performing sensitivities on the effect of the biarticular muscles on the optimization 
solution.  This approach is limited by the fact that the inverse dynamics method of finding the 
inter-segmental moments neglects the role of the biarticular muscles as seen earlier.  A 
notable exception to this is the upper extremity model of Raikova
27,26
 who formulated an 
indeterminate description of the upper extremity comprising 10 muscles (including 4 
biarticular muscles) in the sagittal plane, and then used the method of Lagrange multipliers to 
find the optimal solution to the indeterminate problem.  Despite the success of Raikova’s 
pioneering work in 2D, later researchers have not employed similar methodologies to 
concurrently determine inter-segmental moments and muscle forces.  The purpose of this 
study was therefore to use the inverse dynamics solution of Dumas and colleagues
8
 to write 
3D equations of motion of the lower limb incorporating a description of the musculoskeletal 
geometry and to explore the use of standard optimization techniques in solving this 
indeterminate problem.  The clinical aim of the study was to use this new technique to 
explore the postulated role of the biarticular muscles in transferring energy between 
segments.  In particular, a number of groups have reported that the biarticular muscles act to 
transfer energy between segments during jumping and landing 
11,17,25,32
, thus vertical jumping 
was considered to represent an appropriate model to explore biarticular muscle function. 
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Materials and Methods 
This study employed a musculoskeletal model of a right lower limb.  The musculoskeletal 
model is a linked rigid segment model consisting of four segments (foot, calf, thigh and 
pelvis), articulated by three ball and socket joints at the ankle, knee and hip.  A more detailed 
description of the model has previously been provided
5
. 
Twelve athletic males (mean age 27.1 ± 4.3 years; mean mass 83.7 ± 9.9 kg) participated in 
this study.  The study was approved by the Institutional Review Board of St Mary’s 
University College.  After providing informed consent and performing a standardized warm 
up, the subjects performed up to 5 maximum vertical jumps.  The highest jump was chosen 
for analysis (mean height 0.38 ± 0.05 m).  The data was acquired using standard motion 
capture (Vicon MX System, Vicon Motion Systems Ltd, Oxford, UK) and force plate 
techniques (Kistler Type 9286AA, Kistler Instrumente AG, Winterthur, Switzerland) at 200 
Hz.  The motion capture system established the position of reflective markers placed on key 
anatomical landmarks
28,29
.  A fifth order Woltring filter
34
 was used to smooth the raw data 
and then the position of the markers was transformed into the translations and rotations that 
represented the position and orientation of each segment of the model using the method of 
Horn
14
.  The methods of Dumas and colleagues
8
 were used to calculate the kinematics of 
each segment based on the anthropometric model of de Leva
7
. 
The musculoskeletal geometry of the model was based on the cadaveric data of Horsman and 
colleagues
15
.  Subject-specific scaling of the muscle model was performed at the segmental 
level by comparing the anthropometry of the Horsman data and that of each subject to create 
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linear scaling factors along each axis of the LCS of each segment.  The data of Horsman was 
also used to determine the location of the patella relative to the femur.  The rotation of the 
patella with respect to the femur was based on the data of Nha and colleagues
19
 whereby 
spline interpolation (using “Numerical Recipes in C++”23) was used to calculate the rotation 
of the patella for any given knee flexion angle.  The wrapping of the quadriceps muscle 
groups around the femoral condyles at deeper knee flexion angles was achieved by the 
insertion of wrapping points for each quadriceps muscle element.  The patella was considered 
to act as a rigid lever and thus the contact position of the posterior surface of the patella on 
the femoral condyles was assumed to translate superiorly and inferiorly on the posterior 
surface of the patella in order for the patella to maintain its force and moment equilibrium.  
The musculoskeletal model was used to calculate the line of action and moment arm of each 
muscle element based upon the instantaneous body posture for use in the optimization. 
Five distinct solutions of each data set were sought.  The first two entailed using the 
traditional sequential 2 step approach (TRAD) of performing an inverse dynamics analysis to 
find joint moments then performing an optimization to calculate muscle forces.  In the first of 
these, a solution was sought based on a modified version of the Horsman et al.
15
 muscle set 
consisting of solely monoarticular muscles (TRADM) whereas the second was based upon 
the complete Horsman data set incorporating biarticular muscles (TRADB).  The modified 
Horsman muscle set was created by dividing each biarticular muscle into two independent 
monoarticular muscles
10
, thus the optimization produced two different force values for each 
biarticular muscle (the larger value is presented in the results section).  The remaining three 
permutations consisted of different implementations of a new 1 step approach, whereby the 
inverse dynamics solution was found simultaneously with the determination of muscle forces.  
In the first of these, a solution was sought based on the monoarticular muscle set (MONO).  
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In the remaining two approaches, the new method was implemented incorporating the 
complete musculoskeletal geometry of Horsman.  In the first of these solutions the maximum 
possible muscle force was according to Horsman (BI), whereas in the second solution the 
maximum possible muscle force was doubled for selected biarticular muscles (gastrocnemius, 
biarticular hamstrings and rectus femoris) in order to assess the sensitivity of the model to 
changes in the function of the biarticular muscles (BIH). 
Traditional Approach (2 Step) 
For the TRAD approach, the method of Dumas and colleagues
8
 was used to find the inverse 
dynamics solution.  According to the method, the equations of motion can be written as:  
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where: 
i - segment number or joint number (numbering from distal to 
proximal) 
iSˆ  
- proximal inter-segmental forces 
1
ˆ
iS  
- distal inter-segmental forces 
iMˆ  
- proximal inter-segmental moments (notional joint moments) 
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1
ˆ
iM  
- distal inter-segmental moments (notional joint moments) 
Ii - inertia tensor 
i
ˆ
 
- angular velocity about COM 
i
ˆ
 
- angular acceleration about COM 
iaˆ  - linear acceleration of COM 
mi - segment mass 
E3x3 - identity matrix 
cˆ  - vector from the proximal joint to the segment COM 
dˆ  - vector from the proximal to the distal joint 
and c~  represents the skew symmetric matrix of a 3D vector: 














0
0
0
~
12
13
23
cc
cc
cc
c  (7) 
The indeterminate problem of resolving notional joint moments into individual muscle forces 
at each joint can be expressed by Equation 8. 
ijiji
N
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This was solved by optimizing the objective function of Crowninshield and Brand
6
 which is 
thought to maximise muscular endurance by minimizing muscle stress.  The work of 
Crowninshield and Brand suggests that by raising muscle stress to increasingly higher powers 
an optimal solution path can be defined which converges on the solution which minimizes 
muscle stress.  Although Crowninshield and Brand suggest that an exponent between 2 and 4 
may be appropriate, we have found that optimal force-sharing in our model is found by 
raising muscle stress to a higher power than is typical within the literature
5
. 
30
1 max
min 










K
j
j
F
j
j F
F
f    (9) 
Subject to the constraints that: 
j
FFj max0     (10) 
N - number of muscles spanning the joint 
Fj - individual muscle force 
j
Fmax  - maximum possible muscle force 
jinˆ  - line of action of muscle j about joint i 
jirˆ  - moment arm of muscle j about joint i 
K - total number of muscles  
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New Approach (1 Step) 
In the 1 step approach, the inter-segmental forces were first determined in the GCS using the 
standard approach.  The moment part of the wrench equations of Dumas et al.
8
 was then used 
to formulate an alternative indeterminate problem, that did not explicitly include the inter-
segmental joint moments (Equation 11).  The key kinematic and kinetic variables used in 
Equation 11 are depicted in Figure 2. 
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 (11) 
Where 
1
ˆ
iM  was set to zero for i>1.  This optimization problem was then solved using the 
same cost function as for the TRAD method. 
It is apparent that the two methodologies are significantly different with regards to the 
optimization approach.  Most notably, the 2 step method is based upon finding the muscle 
forces that produce the observed joint moments in contrast to the 1 step method which 
calculates the muscles forces that produce the observed segmental rotations.  In order to 
better contrast the two methods, the notional joint moment was calculated for the 1 step 
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method by considering the moment produced by each muscle element (mono or biarticular) 
that crossed a given joint based upon the definition given in the introduction. 
In the first instance, the upper bound of each muscle was based upon the physiological cross 
sectional area provided by the Horsman et al.
15
 data set (which was doubled to represent the 
fact that the subjects were from an athletic population as was proposed by Yamaguchi
35
) then 
multipled by a maximum muscle stress of 3.139 x 10
5
 N/m
2
 
35
.  This approach resulted in a 
viable solution for the vast majority of the frames for 6 of the 12 subjects.  A limited number 
of frames either immediately before take-off or after landing were not able to produce a 
solution based upon this upper bound, in which case the upper bound was increased in order 
to permit a solution.  For the remaining subjects, the upper bound was increased until a viable 
solution for the majority of the frames could be found.  The highest upper bound used in this 
study equates to a maximum physiological cross-sectional area 4.5 times greater than the 
figure provided by Horsman.  The same upper bound was used across all cases for each 
subject.  Post optimization analysis of the muscle forces calculated revealed that the increased 
upper bound was only utilized by a limited number of the smaller muscles and therefore did 
not markedly increase the overall activation produced by the model.  This problem was 
therefore considered to be a result of the difficulty in creating a subject-specific geometry, 
and the magnitude of the produced muscle and joint forces assumed to be both valid and 
comparable. 
The muscle forces calculated were in turn employed to calculate internal joint forces.  These 
included the calculation of ankle joint contact force, patellofemoral joint contact force (PFJ), 
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tibiofemoral joint contact force (TFJ), anterior and posterior shear (AS and PS) and hip joint 
contact force.  The internal knee forces calculated are depicted in Figure 3. 
Finally, the muscle power of the biarticular muscles was calculated using the method of Zajac 
and colleagues
36
: 
ijiji Jp ˆ
ˆˆ   (12) 
jipˆ  - muscle power of muscle j at joint i 
jiJˆ  - moment of muscle j at joint i 
iˆ  - angular velocity of joint i 
The net joint power of a biarticular muscle was considered to be the sum of the muscle 
powers developed by the muscle at each joint. 
Paired t-tests were used to test the hypothesis that there are differences between the muscle 
forces, joint contact forces, muscle powers and joint moments calculated using the different 
techniques by comparing each biarticular condition to its monoarticular analogue.  
Additionally, the BI and BIH methods were compared to TRADB to ascertain the difference 
between the representation of the biarticular muscles in the 1 and 2 step approaches.  
Statistical significance was set at alpha = 0.05. 
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Results 
A successful solution of the optimization problem was found for over 99% of the analyzed 
frames, and all methods were able to produce a solution.  Tables 1 and 2 present the peak 
muscle forces calculated based upon the five methods.  Muscle forces were markedly similar 
between the two monoarticular cases (TRADM and MONO).  All three biarticular methods 
predicted a reduction in gastrocnemius force for jumping and an increase in hamstrings force 
for both jumping and landing, although notably the BI and BIH methods always predicted 
higher activations than the TRAD method.  The TRADB method suggested a decreased 
activation of rectus femoris in both jumping and landing and gastrocnemius during landing, 
whereas the BI and BIH methods indicated increased rectus femoris and gastrocnemius 
loading in these cases.  All biarticular cases predicted higher total activation of the hip and 
knee extensors and higher activation of the monoarticular musculature at all three joints.  At a 
subject level, there were often large differences between the activation patterns predicted 
across the different cases (Figure 4). 
The differences in the mean peak joint forces (see Tables 3 and 4) were consistent with the 
differences in muscular activation.  Specifically there were few differences between the 
monoarticular cases whereas the biarticular cases had mainly greater joint contact forces 
when compared to their monoarticular analogues.  The BI and BIH methods generally 
resulted in significantly greater shear forces at the knee, whereas the TRADB method did not 
differ markedly from its monoarticular analogue. 
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The calculation of muscle power demonstrated that the gastrocnemius, rectus femoris and 
biarticular hamstrings consistently functioned to produce positive power at one joint while 
simultaneously producing negative power at the other (Figure 5).  The net power of these 
muscles was positive during jumping and negative during landing.  The peak positive muscle 
power during jumping, and peak negative muscle power during landing was greater in the BI 
and BIH methods than the TRADB method (Tables 5 and 6). 
The joint moments calculated based upon the TRAD and MONO methods were virtually 
identical (Table 7).  In addition, the moments calculated at the ankle were in agreement 
across all methods.  The notional sagittal plane moments for the knee and hip calculated for 
the BI and BIH methods were generally in close agreement however, they tended to diverge 
towards the peak values (Figure 6).  The degree of divergence was often greater at the hip 
than at the knee. 
Discussion 
In this study a new approach to calculating joint moments and muscle forces using 
optimization techniques was described.  The methodology was based on using the quaternion 
and wrench notation implementation of the inverse dynamics method, described by Dumas 
and colleagues
8
, to formulate an indeterminate problem relating the muscle forces to the 
observed kinetic and kinematic variables describing the movement of the body segments.  
Optimization techniques were used to estimate muscle forces, and then the moments were 
calculated as the resultant of the muscle forces given the known musculoskeletal geometry. 
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As the foot segment represents the terminal link of the kinetic chain, the ankle moment is 
uniquely determined by the kinematics of the foot and the ground reaction force.  This was 
supported in the results of this study, as all methods yielded the same ankle moments.  More 
significantly, in a rigid linked chain actuated entirely by monoarticular muscles, the inverse 
dynamics solution at all joints is uniquely determined by the segment kinematics and the 
ground reaction force.  To this end, the moments calculated by the TRADM and MONO 
methods should theoretically be the same, as was the case in this study.  Equally, the 
similarity between the optimization problems posed in the TRADM and MONO approaches 
suggests a similarity in the predicted muscle forces, a prediction which was also supported in 
the current study. These findings support the validity of the approach and provide some 
verification as to the veracity of the implementation. 
The introduction to this article suggested that the traditional approach to the calculation of 
muscle forces by optimization techniques does not fully reflect the role of the biarticular 
muscles.  In this study it was found that the 1 step approach yielded different joint moments.  
This is due to the fact that in the more explicit free body diagram used in the 1 step approach, 
the notional joint moments are dependent on the calculated muscle forces and that the 
biarticular muscles may have differing moment arms at the two joints that they cross.  Figure 
7 presents a comparison of the 1 and 2 step approaches to calculating joint moments.  It is 
worth noting that although the 2 step approach is not dependent upon muscle forces, it can be 
represented as the action of a system of monoarticular muscles.  This convention is chosen to 
allow comparison between the two approaches.  The nomenclature employed in Figure 7 is as 
follows:  
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iSˆ  
- inter-segmental forces 
0Mˆ  
- distal external moment 
m
iFˆ  
- total force due to monoarticular muscles at joint i 
m
irˆ  - moment arm of monoarticular muscles at joint i 
bFˆ  - force due to biarticular muscle action 
b
irˆ  - moment arm of biarticular muscle at joint i 
For the 1 and 2 step approaches, considering segment 1 and using the moment part of 
Equation 11 it can be seen that: 
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Hence: 



 mmbbmm FrFrFr 11111
ˆˆˆˆˆˆ  (15) 
Similarly, by considering segment 2: 
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And: 
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Now using Equations 1, 15 and 18: 
bbmm
J FrFrM
ˆˆˆˆˆ
1222


 (19) 
Now by definition: 
bbmm
J FrFrM
ˆˆˆˆˆ
2222
  (20) 
Thus it is apparent that 
2
ˆ
JM  is not equal to 

2
ˆ
JM  when the moment arms of the biarticular 
muscles at each end of the segment are different.  This result explains the findings of this 
study that the notional joint moments are different. 
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A major consequence of the traditional approach is therefore that during the optimization 
process, the activation of the biarticular muscles is artificially constrained, as the sum of the 
monoarticular and biarticular muscle moments must be equal to the calculated inter-
segmental moment.  In contrast, the new approach is not constrained by an assumption as to 
the joint moment, and thus differing activations of the biarticular muscles contribute to alter 
the notional joint moment in comparison to the traditional approach.  In this study, the 
practical consequence of this was that the biarticular muscles were permitted to have a 
significantly higher activation than in the TRADB method.  Due to the formulation of the 
indeterminate problem in the 1 step method the activation of the biarticular muscles is 
governed by the cost function chosen in the optimization.  That is, the optimal solution of the 
indeterminate problem is the one which minimizes muscle stress.  Of course, the total level of 
muscle stress found in the BI and BIH methods may still be higher than that found in the 
TRADB approach due to the difference in the optimization problem.  The assumption that the 
coordination of biarticular muscle function is due to an imperative to minimize muscle stress 
is supported by the work of Prilutsky and colleagues
24
 who found that the recruitment of the 
biarticular muscles of the lower limb during a back lift task was consistent with a strategy to 
minimize muscle force, stress and fatigue in a 2D model and also with work demonstrating 
improved running economy associated with increased biarticular co-activation
12,13
. 
The magnitude of the joint moments predicted by the TRAD method and the temporal pattern 
of the joint moments predicted by all methods were in agreement with those found in 
previous work
2,18,31
.  The temporal pattern of muscular activation found in this study 
exhibited some variation between subjects and cases, but the general trends were also in 
agreement with previous research employing both experimental and in silico methods
1,2,3,20,21
.  
In particular, the attainment of peak activation in the monoarticular joint extensors followed a 
 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
An optimization approach to inverse dynamics 
 
26/07/2010 Cleather  23 
broadly proximal to distal trend
20,21
 with the biggest variation found in relative timings of the 
knee and hip musculature – a variation which is found within the literature2,3.  The principle 
difference in the timing of muscular activity between the 1 and 2 step methods is that the 1 
step method tended to suppress the activity of rectus femoris during propulsion with the 
exception of an impulsive peak immediately prior to takeoff.  The muscular forces predicted 
in this study during landing are in agreement with the work of Pflum and colleagues
22
, 
although the activation of vastus is lower in this work. 
In this study, the biarticular cases generally resulted in a greater activation of both the 
biarticular and monoarticular musculature.  Fraysse and colleagues
10
 have recently published 
work analyzing the effect of the biarticular muscles on the calculation of muscular forces 
during gait using the traditional 2 step approach of inverse dynamics and optimization.  Their 
study is analogous to a comparison of the TRADM and TRADB approaches used in this 
study.  Similar to this study, Fraysse et al. found that when the biarticular function of the 
muscles was modelled this produced higher activation of the biarticular musculature, 
however in contrast to the findings of this study this was largely balanced by a commensurate 
decrease in monoarticular muscle activation.  The reason for this difference is probably 
inherent in the differences between the musculoskeletal models employed.  The model of 
Fraysse and colleagues was constrained to 2 DOF at both the knee and hip, whereas the 
model employed in this study had 3 DOF at all joints.  As a consequence, the model used in 
this study is more sensitive to the non-sagittal plane moments that the biarticular muscles 
express across two joints and must therefore be equilibrated by higher monoarticular muscle 
activation. 
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The differences between the internal joint contact forces in the biarticular cases when 
compared to their monoarticular analogues were a consequence of the greater level of 
muscular activation necessary due to the action of the biarticular muscles.  The contact forces 
were higher in the BI and BIH methods as the activation of the biarticular muscles was not 
constrained by a calculated joint moment.  The difference in contact forces found in this 
study differ from those suggested by Fraysse and colleagues
10
 but this is again a function of 
the differences in the calculated forces.  The results of this study therefore clearly 
demonstrate the importance of recognizing the function of the biarticular muscles when 
calculating internal joint forces, and in contrast to the work of Fraysse et al., suggest that the 
difference in contact forces may be much greater, as the action of the biarticular muscles may 
be to increase the joint moment, which in turn permits a greater overall level of activation of 
both biarticular and monoarticular musculature. 
It has been suggested that a key function of the biarticular muscles is to transfer energy 
between the joints
11,16,17,25,30
.  In particular, the biarticular muscles are thought to transfer 
energy from the proximal to distal joints during jumping and from distal to proximal during 
landing
11,17,25,32
.  The pattern of muscle power production observed in this study tends to 
support this assertion as the biarticular muscles studied tended to produce positive and 
negative power simultaneously at their respective joints (Figure 5).  The results of this study 
also suggested that the BI and BIH approaches resulted in the biarticular muscles expressing 
higher net muscle power than in the TRADB case, which may reflect higher energy transfer. 
It is interesting to note the temporal pattern in the differences between the TRADB and the BI 
and BIH methods.  In general, there was a closer agreement between the methods when the 
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magnitude of the joint moments was smaller.  At higher joint moments there was a greater 
tendency for there to be a divergence between the methods which represents a difference in 
the recruitment of the biarticular musculature.  Where the BI or BIH method results in a 
greater joint moment than the TRADB method this therefore indicates greater activation of 
the biarticular musculature, which will increase the transfer of energy between joints as the 
kinematics remain unchanged. 
In this study the BIH sensitivity was performed in order to better elucidate the function of the 
biarticular muscles.  Increasing the upper bound of the biarticular muscles increases the 
likelihood that the force impressed by the biarticular muscles will be increased.  This can be 
characterized as the greater force capability likely to be available to the biarticular muscles 
should they be functioning eccentrically, isometrically or at lower shortening velocities.  
However, only small differences were observed between the BI and BIH cases, and these 
differences were predominantly caused by a small number of subjects.  This seems to suggest 
that for most subjects the size of the selected biarticular muscles relative to the remainder of 
the musculature of the lower limb was optimized to minimize muscle stress. 
A limitation of this study is inherent in the fixed upper bounds employed.  When considering 
the biarticular muscles, which it is argued can function isometrically in transferring energy 
between segments an assessment of the contractile function of the biarticular muscles is 
important due to the profound effect of the regime of muscular work (concentric, eccentric or 
isometric) on the force capabilities of muscle.  Future research should further elucidate the 
function of the biarticular muscles by employing Hill type muscle models to establish the 
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force upper bounds of the muscles based on changes in length in the muscle-tendon unit.  The 
inclusion of this type of assumption will lead to a more robust assessment of muscular forces.  
As noted earlier, the greatest differences between the TRAD and the BI and BIH methods 
were generally associated with the regions of peak joint moment production.  It is worth 
noting that there is an individual variation in the ease with which the optimization arrives at a 
viable solution which will in part be influenced by the degree to which the musculoskeletal 
geometry of the model approximates the actual geometry of the subject.  Where a viable 
solution is harder to find, there is an increased likelihood that the optimal solution will 
require increased activation
5
 and that the optimal solution will therefore require increased 
activity of the biarticular muscles.  It is also worth noting that the optimization problem posed 
in the 1 step method is of greater complexity than that used in the traditional approach.  
Although this complexity did not markedly increase the computational time, it did predicate 
the use of a slightly higher upper bound for 4 of the 12 subjects. 
In conclusion, this study presented an optimization based approach to the calculation of 
muscle forces that better reflects the biarticular function of the muscles of the lower limb.  
The results of this study demonstrate the key importance of a fair representation of biarticular 
muscle function.  Traditional inverse dynamics approaches are based upon a consideration of 
joint moments and the assumption that the net inter-segmental moment is zero.  Equally, 
decomposition of the inter-segmental moment into muscle forces is performed without 
reference to the particular segments to which muscles insert.  This study demonstrated that 
these assumptions may limit the activation of the biarticular muscles.  This in turn may 
understate the magnitude of the joint contact forces and inter-segmental moments during 
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movement.  Future research should therefore employ optimization approaches derived from 
the equations of motion of the segments.  The comparison of the 1 and 2 step approaches also 
has relevance for clinical practitioners, as it suggests that the popular conception of a joint 
moment is limited, as it does not represent the moment asymmetry present at joints spanned 
by biarticular muscles.  This asymmetry may be particularly important in the context of 
injury mechanics. 
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Table 1.  Peak muscle forces (× BW) calculated during vertical jumping for selected muscles (* = p < 0.05, when compared to TRADM; † = p < 
0.05, when compared to MONO; ‡ = p < 0.05, when compared to TRADB). 
 Biarticular Monoarticular Total 
 Gastroc Rec Fem Hamst Sol + Tib P Vastus Glutes Ankle Knee Hip 
TRADM 1.2 ± 0.4 0.4 ± 0.5  0.6 ± 0.3 3.7 ± 0.7 2.1 ± 0.4 1.9 ± 0.8 4.9 ± 1.0 2.3 ± 0.4 2.4 ± 0.8 
TRADB 0.7 ± 0.3* 0.2 ± 0.1 0.7 ± 0.3 4.4 ± 1.0* 2.3 ± 0.4* 2.2 ± 0.7 5.0 ± 1.1 2.4 ± 0.4* 2.8 ± 0.9* 
MONO 1.2 ± 0.3 0.5 ± 0.5 0.6 ± 0.3 3.6 ± 0.8 2.1 ± 0.4 2.0 ± 1.0 4.8 ± 1.1 2.2 ± 0.4 2.4 ± 1.0 
BI 1.0 ± 0.5 0.6 ± 0.4 1.0 ± 0.5† 4.2 ± 1.4† 2.5 ± 0.5† 2.9 ± 1.2† 5.0 ± 1.5 2.5 ± 0.5† 3.5 ± 1.5† 
BIH 1.0 ± 0.6‡ 0.6 ± 0.4‡ 1.0 ± 0.5†‡ 4.2 ± 1.4† 2.5 ± 0.5†‡ 2.9 ± 1.1†‡ 5.0 ± 1.5 2.5 ± 0.5† 3.5 ± 1.6†‡ 
Note: total represents the peak muscle force for biarticular and monoarticular muscles combined. 
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Table 2. Peak muscle forces (× BW) calculated during landing for selected muscles (* = p < 0.05, when compared to TRADM; † = p < 0.05, 
when compared to MONO; ‡ = p < 0.05, when compared to TRADB). 
 Biarticular Monoarticular Total 
 Gastroc Rec Fem Hamst Sol + Tib P Vastus Glutes Ankle Knee Hip 
TRADM 1.1 ± 0.6 0.7 ± 0.7 0.5 ± 0.3 3.6 ± 1.4 2.2 ± 0.5 1.6 ± 1.0 4.6 ± 1.8 2.4 ± 0.6 1.9 ± 1.0 
TRADB 1.0 ± 0.5 0.6 ± 0.4 0.5 ± 0.3 3.9 ± 1.6 2.4 ± 0.5* 2.0 ± 1.5 4.6 ± 1.6 2.6 ± 0.5* 2.3 ± 1.6 
MONO 1.2 ± 0.6 0.7 ± 0.7 0.5 ± 0.3 3.7 ± 1.4 2.2 ± 0.6 1.7 ± 1.0 4.8 ± 1.9 2.4 ± 0.6 1.9 ± 1.0 
BI 1.5 ± 0.5† 1.3 ± 0.6† 0.9 ± 0.6† 4.0 ± 2.0 2.7 ± 0.6† 2.4 ± 1.7† 5.0 ± 2.4 2.9 ± 0.6† 2.9 ± 2.1† 
BIH 1.6 ± 0.8†‡ 1.3 ± 0.6‡ 1.0 ± 0.6†‡ 4.0 ± 2.0 2.7 ± 0.7†‡ 2.4 ± 1.7† 5.2 ± 2.6 2.9 ± 0.7†‡ 3.0 ± 2.1† 
Note: total represents the peak muscle force for biarticular and monoarticular muscles combined. 
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Table 3.  Mean peak joint forces (× BW) calculated during vertical jumping (* = p < 0.05, 
when compared to TRADM; † = p < 0.05, when compared to MONO; ‡ = p < 0.05, when 
compared to TRADB). 
 Ankle Knee Hip 
  PFJ TFJ AS PS  
TRADM 8.7±1.7 4.2±1.3 7.0±1.9 0.4±0.3 0.8±0.8 4.6±1.2 
TRADB 9.1±1.8* 4.5±1.3* 8.1±2.0* 0.4±0.3 1.0±0.7 5.8±1.3* 
MONO 8.6±1.7 4.1±1.3 7.0±2.0 0.4±0.3 1.0±0.9 4.8±1.3 
BI 9.2±1.9† 4.5±1.2† 8.4±2.2† 0.7±0.5† 1.5±1.0†‡ 6.8±1.5†‡ 
BIH 9.2±1.9† 4.5±1.2† 8.4±2.1† 0.7±0.5† 1.5±1.0†‡ 6.8±1.5†‡ 
 
 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
An optimization approach to inverse dynamics 
 
26/07/2010 Cleather  37 
Table 4.  Mean peak joint forces (× BW) calculated during landing (* = p < 0.05, when 
compared to TRADM; † = p < 0.05, when compared to MONO; ‡ = p < 0.05, when 
compared to TRADB). 
 Ankle Knee Hip 
  PFJ TFJ AS PS  
TRADM 8.2±2.9 3.6±1.0 7.6±3.8 0.6±0.3 0.7±0.5 5.2±2.7 
TRADB 8.5±3.1 3.8±0.9* 8.3±3.6* 0.6±0.3 0.7±0.4 5.8±3.0 
MONO 8.5±3.2 3.6±1.0 7.5±3.7 0.6±0.3 0.7±0.6 5.2±2.7 
BI 9.4±4.7 4.0±1.0†‡ 9.6±4.8†‡ 0.7±0.4 1.0±0.9† 7.2±3.1†‡ 
BIH 9.6±4.8† 4.0±1.1†‡ 9.7±4.9†‡ 0.7±0.4 1.1±1.0 7.3±3.2†‡ 
 
 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
An optimization approach to inverse dynamics 
 
26/07/2010 Cleather  38 
Table 5.  Mean peak muscle power (W/kg) of selected biarticular muscles during vertical 
jumping (‡ = p < 0.05, when compared to TRADB). 
 Gastrocnemius Rectus Femoris Hamstrings 
 Max Min Max Min Max Min 
TRADB 4.4 ± 4.7 -0.4 ± 0.1 1.6 ± 1.0 -0.2 ± 0.1 2.0 ± 1.0 -0.7 ± 0.5 
BI 4.0 ± 2.7 -0.7 ± 0.6 5.2 ± 3.7‡ -0.3 ± 0.2 4.0 ± 2.0‡ -0.6 ± 0.5 
BIH 4.0 ± 2.7 -0.7 ± 0.6 5.2 ± 3.7‡ -0.3 ± 0.2 4.0 ± 2.0‡ -0.6 ± 0.5 
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Table 6. Mean peak muscle power (W/kg) of selected biarticular muscles during landing (‡ = 
p < 0.05, when compared to TRADB). 
 Gastrocnemius Rectus Femoris Hamstrings 
 Max Min Max Min Max Min 
TRADB 1.0 ± 0.7 -5.7 ± 4.0 0.1 ± 0.1 -2.6 ± 1.9 0.3 ± 0.2 -1.8 ± 1.2 
BI 1.8 ± 1.2‡ -6.3 ± 3.0 0.1 ± 0.2 -5.6 ± 2.1‡ 0.3 ± 0.3 -3.7 ± 2.9‡ 
BIH 1.9 ± 1.3‡ -6.3 ± 3.0 0.1 ± 0.2 -5.7 ± 2.2‡ 0.3 ± 0.3 -3.7 ± 2.9‡ 
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Table 7.  Mean peak sagittal plane extension moments (Nm/kg) calculated during vertical 
jumping and landing (* = p < 0.05, when compared to TRAD).  
 Jumping Landing 
 Ankle Knee Hip Ankle Knee Hip 
TRAD -1.56±0.14 1.65±0.23 -1.55±0.24 -1.58±0.35 1.78±0.51 -1.04±0.46 
MONO -1.56±0.14 1.65±0.23 -1.55±0.24 -1.58±0.35 1.78±0.51 -1.04±0.46 
BI -1.56±0.14 1.70±0.25* -2.23±0.83* -1.58±0.35 1.91±0.48* -1.52±0.74 
BIH -1.56±0.14 1.70±0.25* -2.23±0.83* -1.58±0.35 1.91±0.48* -1.52±0.75 
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Figure Legends 
Figure 1.  The relationship between monoarticular and biarticular muscles in creating joint 
moments. 
Figure 2.  Nomenclature used in the 1 and 2 step approaches for segment i. 
Figure 3.  Internal knee forces. 
Figure 4.  Selected muscle forces for a typical subject (subject 12) based on the TRADM, 
TRADB and BI methods. 
Figure 5.  Muscle power of selected biarticular muscles for a typical subject (subject 12) 
based upon the TRADB and BI methods. 
Figure 6.  Sagittal plane moments during vertical jumping and landing (subject 12). 
Figure 7.  Moment equilibrium in the 1 and 2 step approaches. 
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Table Legends 
Table 1.  Peak muscle forces (× BW) calculated during vertical jumping for selected muscles 
(* = p < 0.05, when compared to TRADM; † = p < 0.05, when compared to MONO; ‡ = p < 
0.05, when compared to TRADB). 
Table 2. Peak muscle forces (× BW) calculated during landing for selected muscles (* = p < 
0.05, when compared to TRADM; † = p < 0.05, when compared to MONO; ‡ = p < 0.05, 
when compared to TRADB). 
Table 3.  Mean peak joint forces (× BW) calculated during vertical jumping (* = p < 0.05, 
when compared to TRADM; † = p < 0.05, when compared to MONO; ‡ = p < 0.05, when 
compared to TRADB). 
Table 4.  Mean peak joint forces (× BW) calculated during landing (* = p < 0.05, when 
compared to TRADM; † = p < 0.05, when compared to MONO; ‡ = p < 0.05, when 
compared to TRADB). 
Table 5.  Mean peak muscle power (W/kg) of selected biarticular muscles during vertical 
jumping (‡ = p < 0.05, when compared to TRADB). 
Table 6. Mean peak muscle power (W/kg) of selected biarticular muscles during landing (‡ = 
p < 0.05, when compared to TRADB). 
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Table 7.  Mean peak sagittal plane extension moments (Nm/kg) calculated during vertical 
jumping and landing (* = p < 0.05, when compared to TRAD). 
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Table of Abbreviations 
Abbreviation Definition 
AS Anterior tibial shear 
BI Inverse optimization approach (biarticular 
muscles with standard upper bounds) 
BIH Inverse optimization approach (selected 
biarticular muscles have double the standard 
upper bound) 
GCS Global coordinate system 
LCS Local coordinate system 
MONO Inverse optimization approach (only 
monoarticular muscles) 
PFJ Patellofemoral joint contact force 
PS Posterior tibial shear 
TFJ Tibiofemoral joint contact force 
TRAD Traditional method of calculating joint 
moments 
TRADB Traditional method of calculating muscle 
forces (biarticular muscles with standard 
upper bounds) 
TRADM Traditional method of calculating muscle 
forces (only monoarticular muscles) 
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Figure 1.  The relationship between monoarticular and biarticular muscles in creating joint 
moments. 
 
 
 
 
 
 
 
 
Note: diagram depicts muscle wrapping points.  Line of action of muscle is taken from 
effective insertion to effective origin.  Moment arm is taken from centre of rotation to 
effective insertion on the rotated segment. 
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Figure 2.  Nomenclature used in the 1 and 2 step approaches for segment i. 
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Figure 3.  Internal knee forces. 
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Figure 4.  Selected muscle forces for a typical subject (subject 12) based on the TRADM, TRADB and BI methods. 
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Figure 5.  Muscle power of selected biarticular muscles for a typical subject (subject 12) 
based upon the TRADB and BI methods. 
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Figure 6.  Sagittal plane moments during vertical jumping and landing (subject 12). 
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Figure 7.  Moment equilibrium in the 1 and 2 step approaches. 
1 Step Approach 2 Step Approach 
  
Note: diagram depicts muscle wrapping points.  Line of action of muscle is taken from 
effective insertion to effective origin.  Moment arm is taken from centre of rotation to 
effective insertion on the rotated segment. 
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